Summary Secs. 2.1-2.3:
Structure factors and such things ...

2.1 The interaction operator - revisited

Starting point:

The two-particle interaction operator V in the occupation num-
ber representation
("second quantization”):

~ ~

AT 1 / N 7 7 / /
Vi = 5%//d37’d37’ V(ir—r )wl(r)wé(r JUs(r)tha(r). (1)

The electron density operator in the first and second
quantization:
N
pl(r) = Zl o(r —ry), (2)

7

~ ~

1) =3 [drdla)a(e = v)da(r) = S dl@)da(r) . (3)

With
% DL ) (2 )ba(r) = 2; %(r)%(r)%(r’)%(r’)—g D) a(r)d(r—1)
one gets

The contribution of the potential energy to the ground state
energy of the multi-electron system,

reads as

Epy — % [ [ dirdnv(e—') [< Wolo@)p)| Wy > —d(x ) ;)\Ilo|ﬁ(r)|\lfo 5]

where P is the wavefunction of the full-interacting electron gas.
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The next statement is valid for all homogeneous systems,
no matter how complicated ¥y may be:

. N
< \I/0|p(1‘)|\110 >=ng = 5 .

Definition of the density deviation operator

p(r)

p(r) —ng what means that < Wy|p(r)|¥y >=0.

(5)
Egs. (4) and (5) yield

Epot = %//d?’TdST’/V(I‘—I‘/) < Wolp(r)p(x')| Wy > +nj — nm?((z)— r')] .

A further definition:
the time-ordered density-density correlation function:

< Wo|T [pu(x) pu(a’)] ¥y > (7)

with x = rt and 2’ = r't.

As demonstrated in Appendix 4 of this lecture, this function
equals - apart of the simple factor i - the previously described
polarization function II:

< Uo|T [pu(2)pu(z)] | ¥y >= ih I (x, x') . (8)

For t > t/, this expression reads

< Wylpu(r,t)pu (' t)| Wy >= ihll(rt, r't').
The left side of the above equation can be written as

< \IIO|ez’flt/hlb(r)e—iﬂ(t—t’)/hﬁ(r/)e—zflt’/h|\Ij0 >
and further

o~ iEo(t=t)/h \Ilolb(r)e_m(t_t/)/hﬁ(r/)|\I/0 S
For the limit (¢t —t') — 0%, one finally gets

< Wolp(r)p(r")|¥o >=1th lim II(rt,r't'). (9)

(t—t")—07*



Combining Egs. (6) and (9), the potential energy of the electron
ground state can be written as

_1 3,. 13,7
EpOt_i(t 1;11_1}0+//d7“dr‘/(r r') [iRlL (rt; v't') + ng — nod(r —1')| .

A Fourier transform from (rt) to (kw) has the result

By = —hm//d?’rdS' ZeZkr Y (k)

" [hmZ ) [ dweT (g >+n0—noa<r—r>} -

Evaluating the integrals over r and r’ (see page 69 of the german
lecture notes) leads to the formula

n3V(0)Q
2

ﬂ/? dwe "V (q)I(q,w) — @V(q)] -

B, =
pot A J- 2
(10)

+2

e The first term of Eq. (10) containing V' (0) can be inter-
preted as the Hartree contribution. As already discussed
at the beginning of this lecture, for homogeneous electron
gases, this contribution to the energy exactly cancels with
the energy due to interactions of the electrons with the
(jellium-like smeared) ion lattice of the solid.
Mathematically, this fact is expressed by V' (0) = 0.

e Here it has to be emphasized that the Fourier coefficients
[I(q,w) in Eq. (10) mean the complete polarisation func-
tion, including all repetitions.

Remember the general relation between the total and the
proper (irreducible) polarisation functions I1(q,w) and II""(q, w):

1 1
Htotal-V:HpT_V HPT,VQ o= ——— 1 =——1
—l_( ) + 1_Hprv K
or, more precisely,
1
Htotal q, w 174 q) = —1. 11
(@w)Via) = 7 (11)



Inserting Eq. (11) into Eq. (10) with V(q) = 4me?/q* and
V(0) = 0 results to

2 2 h 00 , 1
Epot = = [ 7m206 — Z—/+ dw e ( — 1)] .
q o0

q dm /- r(q,w)

Now, as we often do during this lecture, the "important” relation

T T
! :1+1/°Oda% ! { L }
k(q,w) 7 Jo k(q, o) oc—w—1in o0+w—1n

(12)
is used:
1 1
/ do 'y /dwe_“’”{ — — ; },
4772 w—o+in w+o—in
=—2m
and further
2mnge’ h oo 1
Eooi = — — do S . 13
=S T L Faes () ay




2.2 The Pauli-Hellmann-Feynman Theorem

In this section, we deal with the calculation of the energy Ej of
the ground state of a full-interacting homogeneous electron gas:

Ey =< Uy|T + V|T >, (14)

where the second term describes the expectation value of the in-
teraction operator containing the Coulomb interaction between

the electrons:
~ 62

Vo o«

v —r|

W. Pauli and other authors proposed to take the ”e?” not

simply as a physical constant, but as coupling constant A
of the interaction:

e \=10 — no interaction
o \=¢2 — full interaction

By doing so, one gets a variable interaction operator that is
linearly dependent on A:

~

V) =T, (1)
and Eq. (14) changes to
Eo(N) =< Wo(N)|T + AVp|Wo(N) > .

Derivating this expression with respect to A leads to

OEy(\ .
aOA< S e L ey
Uy(\) T
+ < I | H|Up(A) >+ < Uo(N)|H| o
~ 0
= < WW)[VolTo(A) > +Ep(A) 51 < To(A)[To(A) > .
=0
Using Eq.(15), one further gets
OEy(A) 1 A
M w s >, (16)



and an integration of this expression with respect to \ yields

e? OFEy(A ~
/)\:Od/\ 80>(\):E()()\Iez)—Eo(A:O):EQ—EQ,

the difference between the ground state energies of the
interacting (Ey) and the non-interacting particle system (Fy).

Using Eqgs. (16) and (13), one gets

Ey = E0+/ D (W) N) D) >

and

2 k> ¢? 27m0)\ hopo 1
Ey=2 ) ——Z/A { g/o dos :

k| <kp

This is a formula of extraordinary importance, because
it enables the calculation of the ground state energy
of the interacting electron gas only on the basis of its
dielectric function.



2.3 Structure factors and pair correlation

The so-called dynamical structure factor S(q,w) of an interact-

ing electron gas is easily obtained by a trivial new-formulation
of Eq. (17):

By =2y
K|<kp 2T

+ 2mn Zi/egcu —1+i/°°da L PN
"4 q% /o 27 Jo 2T Anyg ra(q,0)

S)\(qvo')

with

Si(aw) = Slaw) — — 145 (). as
=2, W) = W) = — ) .

A=etd d 2re’ng - \k(q,w)

The eminent importance of this real quantity comes from its
relations to scattering experiments:

e The dynamical structure factor is strongly correlated to
the probability P(q,w) for an incoming particle to undergo
a ”change of momentum” (hq) and a ”change of energy”
(hw), caused by its interaction by the electronic system:

Pla) =72 "9 siq.00,

where v(q) means the Fourier transform of the interaction
potential between the incoming particle and the electrons.

e For 7" = 0 K, the system can only absorb energy from the
test particle; therefore, one has the relation

S(q,w) =0 fir w<0.

e Based on Eq. (18), the dynamical structure factor S(q,w)
enables an experimental control of theoretically obtained
dielectric functions k(q,w) by inelastic scattering experi-
ments as electron energy loss spectroscopy EELS or
inelastic x-ray scattering spectroscopy IXSS etc.



Of course, starting from S(q,w), one can define the
static structure factor

~2r o

2 0
S)\:ez( ) ! de(q, )_ L dw%( ! )7
1

leading to the following relation to the ground-state energy:

h2k? 1 e
By=2 % ———%—%ﬂmijgiAﬁfM[Sﬂq)—l]. (20)
2 _

Kj<kp 2M

A relation between this static structure factor and the expecta-
tion value of the density-density correlation operator:

Remember Eq. (9):

< Wolp(r)p(r)| Wy >=ih lim ITM(rt, x't').

(t—t')—0T

Including the Fourier transform of II(r — 1’ — ¢’), one gets

v 1h
< Wolp(r) p(r) [T >= lim o

i, - WQ Zezq r—r’ /dw e—iwn Htotal(q7 w) :

and by inserting Eq. (11) with V(q) = 4me?/q¢?, yields

2 1
< Uy|p(r)p(x") [Py >= lim —Zelq v /dwe iwn 4 ( @) 1) :

n—0t 2m€) q 4dme? \ k(q,w

The integration over w can be performed ”as usual”, i.e., by the
help of Eq. (12), and the result of this calculation is

L 5(0) 5(r I R L L LY G
m<mw@mnmp_9;e [ dwS .

42e’ng /0 k(q,w)

A comparison of this result with Eq. (19) immediately leads to

< W) B0 >= 5 5 0 [ S(a)] = o Slr — ).
(21)



Again, a new function:

The pair correlation function g(r,r’) describes how the probabil-
ity to detect a particle at r is reduced by a ”correlation partner”
at r’:

_ < \110|EZZYY7£Z (5(I'—ri)5(1'/—1'j)|\lfo >
< \I/0| i 5(1‘ — I‘Z’)‘\Ifo >< \I’0| Zj (S(I‘/ — I‘j)|\Ifo >’
(22)

g(r, ')

where the operator in the numerator can be written as

(XZ: d(r — ri)) (Zj: o(r' — rj)) — ;6(1' —1;)0(r' —1;).

Remember the density operator p(r) = >N, d(r — ;).

By using this definition, Eq. (22) reads

serr) — < BalPA > — < Wolp(r) Wy > (r '
| < Wolp(0)[ By >< Wolp(x')|¥o >

(23)
As already known, for a homogeneous electron gas, one has

< Wo|p(r)|[ Wy >= nyg,

leading to

< o|p(r)p(r)[To > o(r —1')

n _
g(r,x') = 2 o

If we use here the - also previously installed - density deviation
operator

p(r) = plx) = mo.

one gets the final result for jellium:




By comparing Eqgs. (21) and (24), one gets immediately
an important relation between pair correlation function and
static structure factor:

gr —1') = 1—|—§O[S(r—r’) —0(r — 1)

or, taking into account that all Fourier coefficients of a Dirac
distribution are 1,

or—1) = 1+ g T S@ -1 (25)

Combining the equations (25) and (19), one obtains the result

glr—r')=1- . S elaEr) o /OO oS [—) 41
N g 4rc2e2ng J0 k(q,w) '
(26)

This equation offers an important possibility to check the quality
of calculated approximations of the dielectric function k(q,w).
Fact is that the pair correlation function g(r —r’) must obey the
following conditions:

e As for all probability functions, the condition
glr =1y >0  furaller, r (27)
has to be fulfilled.
e The condition
gr—-r)—1 fir |r—1r|— (28)

has also a simple physical interpretation: there is obviously
no correlation between particles with infinitely large dis-
tances. Consequently, the probability to find the first
particle at r will not be reduced by the second particle.
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2.3.1 Structure factor and pair correlation in the RPA

In the last sections, we discussed how the static structure factor
of an interacting electron gas (19), its ground-state energy (20),
and its pair correlation function (25) can be calculated only by
the knowledge of the function

X (m(iw) :

S = al [fass( L)
W= dnlelng o 0 ra(q,w) )’

21.2

h°k 1 pe?
Ey=2 —+2 — d\ |S —1]. 20
=2 3 Gz L si@ -1 e

glr—x) =1+ 5 D S(g) - 1) (29

The only approximation of the dielectric function discussed until
now is the random phase approximation RPA:

1 1
>() > ()

However, this approximation is by no means the simplest one,
as we can learn from the Dyson expansion of (1/x%F4):

1 1 r(RPA
%<HRPA>:%<1_VHW(RPA)> - %(1+VHP( )+"')

~ VSIPrRPA). (29)

Including a previously given result for STIPr(2P4) (see Sec. 1.6
of this lecture), one gets

V(q) ST (qw) = —

27 Arre?
h(2m)3 \ ¢?

X 0w+ wy —wiyg) + 0w —wp +wig)] -

) | &k ©(kp — k)O([k + al — kr)
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Inserting this into Eq. (19) leads to the integral
/Ooodw 0w + wy —wgﬂl) + d(w —wﬂ+wﬁ+q)} =1,

and to the simplest static structure factor:

S%q) =

47T3n0 [ d*kO(ke — k)O(k +q| — kr),

what can be analytically evaluated (see Appendix 5) to

3 q 1(_g T
5%‘5(%) fir 0 < g < 2kp,

$(a) = 5%a) =1 |
1 fir ¢ > 2kp .

How do the corresponding ground state energy of the electron

gas and the pair correlation look like?

For the ground-state energy, one has to evaluate

E 2 ) h2k2+2nz d)\[SO() 1]
0 = P e
K|<kp 2T A=0
R’k Ne? joc
=2 Y —+4+— [ dql|S%q) —1]|.
k| <kp 2m ™ 0 { }

The first term represents the
kinetic energy of the non-interacting electron gas:
Rk 3NkE ( n? ) s (97r>2/3 1

Ty =2 —— =N_
’ |k§@ 2m 5 2m 5\4) 72

2
2may T

=1Ry

and the second term in Eq. (31) gives the
potential energy of the interacting electrons

dr o

3¢’k _ 3 (9_#)1/31 _ 0916
4 )

U T's

Vo=—N

(rs in ap = Bohr units).
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The total energy per particle reads

Eo/N = (Ty + Vo) /N = {3 (9”)2/3 R (9”)1/3 1} Ry

5\ 4 r2  2r\ 4 Ts
221 0916

- - Ry. 32
( ) y (3)

This is exactly the result of the Hartree-Fock theory.

This statement also holds for the corresponding pair correlation
function.
Inserting S%(q), Eq. (30), into the formula (25), one gets

1 ar-ry |3 4 1/ g\’
0 ! iq-(r—r’)
r—r)=1+— e'd ————(—) —1]
g'( ) N\qISQkF {QQkF 2 \2kp

and after some elementary mathematical treatment

9 /sin& — Ecosé
_§< -

2
FPr—1r)=¢"r—1) =1 ) with & = kp|r—1/|.

(33)

HF-APPROXIMATION OF THE PAIR CORRELATION FUNKTION IN JELLIUM
12 T T T T T T

o
©

PAIR CORRELATION FUNKTION
o o
B (=]

0.2

KF(r-r)

According to this graphical representation, Eq. (33) describes
the exchange hole around an electron, i.e., the reduced probabil-
ity of the presence of spin-parallel electrons around an electron.

This behavior is also typically Hartree-Fock-like; therefore, the
result ¢” is the HF approximation of a pair correlation function.
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The next step for a better electron theory is evident:

Instead of the simple approximation (29), the total Dyson-result
of 3(1/k)%P4 has to be inserted into the energy equation (20):

Instead of
72 k2 e dX [27n >\ i oo
ERPA — 9 . [ 0 o dw V- (prT’(RPA) ]
R foox [T *arh @W@s (q,w)
one has to calculate
2 k2 e d\ [2mng\ R oo 1
grea _g v MR { L dw%()].
|k|z<:kp 2m %:A_O A 2m Jo A (q,w)
(34)

Such calculations have already been performed some decades
ago, e.g., by W. Macke [Z. Naturf. 5a, 192 (1950)], by M. Gell-
Mann and K. Brueckner [Phys. Rev. 106, 364 (1960)], by L
Onsager et al [Ann. Physik (Leipzig) 18, 71 (1966)], by R.F.
Bishop und K.H. Lithrmann [Phys. Rev. B 26, 5523 (1982)]
etc.

The results of these papers have been published mainly in form
of numerical tables, analytical expressions are only existing for
the high-density limit ry — O:

. EfPA 221 0.916

Jim — 2 - +0.0622 Inry — 0.142 Ry (35)

where the coefficient 0.0622 corresponds to 2(1 — In 2)7>

Remember: All energy terms beyond the Hartree-Fock terms
are (per definition) denoted as correlation terms:

ERPA
limO % = 0.0622 Inr, — 0.142 Ry . (36)

Now back to the main question:

What’s about the quality of the dielectric function and
the related quantites in the RPA and other approxima-
tions?
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Concerning the correlation energy of the homogeneous electron
gas, theoretical results are usually compared

e not with real experiments,

e but with Quantum Monte-Carlo (QMC) experiments:

D.M. Ceperley, Phys. Rev. 18, 3126 (1978).
D.M. Ceperley and B.J. Alder, Phys. Rev. Lett. 45, 566 (1980)

S.H. Vosko, L. Wilk, and M. Nusair, Can. J. Phys. 58, 1200
(1980).

G. Ortiz and P. Ballone, Phys. Rev. B 50, 1391 (1994).

G. Ortiz, M. Harris, and P. Ballone, Phys. Rev. Lett. 82, 5317
(1999).
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COMPARISON OF CORRELATION ENERGIES IN JELLIUM
50 T T T T T T T

— — RPA high—-density
—— Ceperley 1978
o O RPA:Vosko et al 1980 o

|
a1
o
T

-100 -

CORR. ENERGY PER ELECTRON [mRy]

-150( ‘ .

-200 [ | | | | | | | | |
0
RS [Bohr]

Correlation energies as a function of r,. A comparison of various
theoretical approximations with the QMC standard.

e Note: the practically most interesting region of r, is
2 > rs > 6 (relevant for many insteresting metals).

e The solid line with (*) shows QMC results by
Ceperly et al. (1978).

e The dashed line means ”high-density results”, according to
Eq. (36). As previously mentioned, this formula is only
correct in the limit of r;, — 0. Therefore, no reliable results
can be expected within the "metallic region”.

e The circles belong to a numerical evaluation of Eq. (34),
i.e., based on a RPA of &(1/k) for the whole 7, region. This
curve nicely approaches the "high density curve” for small
rs, and it also shows a reasonable behavior for higher values
of r;. Nevertheless, its correlation energies lie significantly
below the corresponding QMC results.

Resumee: Except for very small values of r,, the random phase
approximation is not able to describe properly the correlation
energy in jellium.
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A further, even more impressing argument for severe deficiencies
of RPA results are calculations of the pair correlation function
g(|r —1'|), based on Eq. (26) including

KRPA(

k(g w) = q,w).

Remember:
e gllr —¥']) > 0

o lim, | g(jr —1'[) =1

PAIR CORRELATION FUNCTION FOR AN ELECTRCN GAS

The RPA for the pair correlation function in jellium for rg from
1 to 6 [see L. Hedin, PR 139, A805 (1965)].

Resumee: Evidently, especially for small values of |r — r/|, all
RPA curves violate the first condition mentioned above. This
deficiency gets more and more dramatic for increasing values of
Ts.
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12.3.2  Sum rules for the dielectric function]

The following is taken from: P. Ziesche und G. Lehmann,
Elektronentheorie der Metalle, Springer, Berlin, 1983, p. 30f..

For the dielectric function k(q,w), the literature offers several
sum rules (SR). These are important because they enable a the-
oretical testing of different approximations of .

For a more extensive treatment of this subject and a more
profound mathematical background see, e.g., D. Pines and P.
Nozieres, The Theory of Quantum Liquids, Benjamin, New York,
1966, and A. Sjolander, Nuovo Cimento 23B, 124 (1974).

dw 3 1 b 2
/7 (%(qw)) .

e Conductivity-SR:

e f-SR:

[ 23 (s, w=u},

e Compressibility-SR:

dw 1
: aw 1
lim [ — 3 (k(g,w)) —
e Screening-SR:

d 1 1 2
lim [0S S =l lim
¢—0/ 7 k(qw)) w ¢—0 Kngmw?

The following relations give informations about the
high-frequency behavior of k:

2 W2
lim =1+ lim £ und lim x(q,w)=1- lim —2Z.
W—00 /ﬁ)(q, (U) W00 (2 W=00 w—00 ()2

Further, there are some compressibility theorems as

lim k(q,0) = 1+Knomli “ und fm o —pm
im K = nomlim —£ und lim =lim———.
0 TS0 2 —01(q,0)  ¢=0 Kngmw?
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The above equations contain the following quantities: w, means
the plasma frequency (see Sec. 1.6.1), ng and m are the electron
density and the electron mass, and K is the compressibility of
the electron gas which is defined by

O0*F
K=0_——.
002
By the formula
KO 1 o + o 4 d2€corr 2 decorr
— =1——rs+ - — ,
K T 6 dr? ry drg

this quantity is related to the correlation energy per electron

€corrs with
4 1/3
*=(5)

and with K, the compressibility of the free electron gas

3

Ky=—-—+.
QTL()GOF
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