
Summary Sec. 1.2.1:
The non-interacting Green’s function

Starting point: the general electron Green’s function (1.1):

iGα,β(rt, r
′t′) =< Ψ

(N)
0 |T̂

[

ψ̂Hα(rt) ψ̂†
Hβ(r

′t′)
]

|Ψ(N)
0 >

A perturbation calculation:

Ĥ = Ĥ0 + Ĥ1

Operator transformation: Schrödinger → Heisenberg
Schrödinger → Interaction

ÔH(t) = eiĤt/h̄ Ô e−iĤt/h̄

ÔI(t) = eiĤ0t/h̄ Ô e−iĤ0t/h̄

Equation of motion of an Interaction Operator:

ih̄
∂

∂t
ÔI(t) = eiĤ0t/h̄

[

Ô, Ĥ0

]

e−iĤ0t/h̄

The non-interacting Hamiltonian in the
particle number representation

Ĥ0 =
∑

i,j

< i|ĥ|j > ĉ
†
i ĉj

is diagonal in its eigenbasis ĥ|i >= h̄ω0
i |i >

Ĥ0 =
∑

i

h̄ω0
i ĉ

†
i ĉi

Equation of motion of the annihilation operator:

ih̄
∂

∂t
ĉjI(t) = eiĤ0t/h̄

[

ĉj, Ĥ0

]

e−iĤ0t/h̄ ,

and with respect of
[

ĉj, Ĥ0

]

= h̄ω0
j ĉj :

ih̄
∂

∂t
ĉjI(t) = h̄ω0

j ĉjI(t)
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Solution of this differential equation:

ĉjI(t) = ĉj e−iω0

j t

and -correspondingly- for the creation operator:

ĉ
†
jI(t) = ĉ

†
j e+iω0

j t

Now back to the Green’s function of the non-interacting electron:

iG0
α,β(rt, r

′t′) =< Φ0|T̂
[

ψ̂Hα(rt) ψ̂†
Hβ(r

′t′)
]

|Φ0 >

with
Ĥ = Ĥ0 and Ĥ0|Φ0 >= E0|Φ0 >

Important consequence: ”Heisenberg = Interaction”:

ÔH(t) = ÔI(t)

Therefore one gets

iG0
αβ(rt; r

′t′) =< Φ0|T̂
[

ψ̂αI(rt)ψ̂
†
βI(r

′t′)
]

|Φ0 > .

Expansion of the field operators with respect of the
annihilation and creation operators:

ψ̂αI(rt) =
∑

kλ

ψk(r)χλ(α) ĉkλ,I(t) =
∑

kλ

ψk(r)χλ(α) e−iω0

k
t ĉkλ

and

ψ̂
†
βI(r

′t′) =
∑

kλ

ψ∗
k
(r′)χ†

λ(β) ĉ†
kλ,I(t) =

∑

kλ

ψ∗
k
(r′)χ†

λ(β) e+iω0

k
t′ ĉ

†
kλ .

For T → 0 K, the ground state of a system of non-interacting
electrons is given by a completely filled Fermi sphere with radius
kF .
For practical reasons, the operator ĉ is re-defined by the follow-
ing canonical transformation:

ĉkλ =







âkλ ”annihilation of a particle state” for |k| > kF

b̂
†
−kλ ”creation of a hole state” for |k| < kF
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Including this definition into the formula for the field operator
ψ̂αI leads to

ψ̂αI(rt) =
∑

|k|>kF

∑

λ

ψk(r)χλ(α) e−iω0

k
t âkλ+

∑

|k|<kF

∑

λ

ψk(r)χλ(α) e−iω0

k
t b̂

†
−kλ .

Now such equations for ψ̂αI and ψ̂
†
βI are used in the expression

of G0
αβ. In case of t > t′, one gets the following four matrix

elements:

1. < Φ0|âkλâ
†
k′λ′|Φ0 >= δk,k′δλ,λ′

2. < Φ0|âkλb̂−k′λ′|Φ0 > = 0

3. < Φ0|b̂†−kλâ
†
k′λ′|Φ0 > = 0

4. < Φ0|b̂†−kλb̂−k′λ′|Φ0 > = 0

and

iG0
αβ(rt; r

′t′) =
∑

|k|>kF

ψk(r)ψ
∗
k
(r′) e−iω0

k
(t−t′) ∑

λ

χλ(α)χ†
λ(β)

︸ ︷︷ ︸

δα,β

= δα,β

∑

|k|>kF

ψk(r)ψ
∗
k
(r′) e−iω0

k
(t−t′)

The correspondent result for t < t′ reads

iG0
αβ(rt; r

′t′) = −δα,β

∑

|k|<kF

ψk(r)ψ
∗
k
(r′) e−iω0

k
(t−t′)

leading to

iG0
αβ(rt; r

′t′) = δαβ

∑

k

ψk(r)ψ
∗
k
(r′) e−iω0

k
(t−t′)

×{Θ(t− t′)Θ(|k| − kF ) − Θ(t′ − t)Θ(kF − |k|)} .
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By using the integral representation

Θ(t− t′) = −
∫ +∞

−∞
dω

2πi

e−iω(t−t′)

ω + iη

for the time-dependent Heaviside function, one finally gets (see
pp. 8 and 9 of my lecture notes)

G0
αβ(rt; r

′t′) = δαβ

∑

k

ψk(r)ψ
∗
k
(r′)

∫ dσ

2π
e−iσ(t−t′)







Θ(k − kF )

σ − ω0
k

+ iη
+

Θ(kF − k)

σ − ω0
k
− iη






.

Choice of the one-particle eigenbasis:

ĥ|i >= h̄ω0
i |i > →



− h̄2

2m
∇2 + v(r)



ψk(r) = h̄ω0
k
ψk(r)

with v(r) as a local, external potential energy that acts on the
electron.

The special choice:
homogeneous electron gas (jellium) → v(r) ≡ 0:

ψk(r) =
1√
Ω

eik·r with ω0
k

=
h̄k2

2m

leads to the non-interacting Green’s function

G0
αβ(rt; r

′t′) =
δαβ

Ω

∑

k

eik·(r−r
′)

∫ dω

2π
e−iω(t−t′)







Θ(k − kF )

ω − ω0
k

+ iη
+

Θ(kF − k)

ω − ω0
k
− iη






.

Obviously, this result is

• diagonal in spin space (because of δα,β)

• homogeneous in space and time:

G0
αβ(rt; r

′t′) = δαβ G
0(r − r′; t− t′) .
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An enormous advantage of this homogeneity is that one
can easily change from the {r; t} space to the {k;ω} space
by applying the Fourier transform

G0
αβ(r − r′; t− t′) =

1

Ω

∑

k

eik·(r−r
′)

∫ dω

2π
e−iω(t−t′)G0

αβ(k, ω)

with
G0

αβ(k, ω) = δαβ G
0(k, ω)

and

G0(k, ω) =
Θ(k − kF )

ω − ω0
k

+ iη
+

Θ(kF − k)

ω − ω0
k
− iη

.
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